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Gravity field measurements using cold atoms with direct optical readout

A. B. Matsko, N. Yu, and L. Maleki
Jet Propulsion Laboratory, California Institute of Technology, 4800 Oak Grove Drive, Pasadena, California 91109-8099

~Received 4 October 2002; published 28 April 2003!

We show theoretically that measuring an optimum observable of an electromagnetic wave propagating in an
atomic medium moving freely in a gravitational field results in a sensitive detection of the acceleration of
gravity and its gradient. The best achievable sensitivity of such a measurement is comparable with that of
light-pulse atom interferometers based on measuring the atomic internal state. This optical technique is useful
for nondestructive detection of ultracold atoms in atomic interferometers.
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I. INTRODUCTION

Pulsed-light atom interferometry has been successf
used for precision measurements of photon recoil, iner
acceleration, gravity gradient, and for other metrological
plications @1–10#. In experiments based on this techniqu
laser light is used to manipulate cold atoms through inter
tion with both the internal and external atomic states. A
change resulting from the interaction with light and t
atomic state is measured by probing the atomic energy l
populations.

The state of an atom may also be studied by detecting
state of the photons. For instance, scattered light has b
used for spatial observation of a Bose condensate, and
persive nondestructive light scattering was used to obs
the separation between the condensed and normal com
nents of the Bose gas@11#. Probe light has also been used
the time-domain de Broglie wave interferometry@12#, where
the atomic population is observed by scattering an o
resonant traveling wave and subsequently measuring
light properties, using the heterodyne technique.

When light interacts with an atom, the atom changes
internal state, but the interacting light is also left with
altered state. Therefore, one can retrieve complementar
formation by measuring the state change of light, as wel
the atoms. For instance, if the interaction is refractive and
atomic population distribution is not changed, then the in
action results in a modification of the phase of the light fie
Such an interaction may also cause a birefringence. Fur
if the atomic population distribution changes, the photon d
tribution of the light is affected as well. Such an interacti
may result in a dichroism.

In this work we propose an optically based approach
the atom interferometry sensing problem that promise
similar sensitivity to the conventional pulsed-light atom i
terferometry, which detects atomic states. Our schem
based on the detection of an observable of the probe l
that interacts with the cold atoms. We show that the b
sensitivity of this technique is achieved if one measures
optimum observable, which may be either a phase shift of th
probe light, or light polarization, or the photon number, d
pending on the particular experimental conditions.

As is shown below, the first type of interaction mention
above appears when two counterpropagating circularly po
ized quasicontinuous electromagnetic waves interact with
1050-2947/2003/67~4!/043819~12!/$20.00 67 0438
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atomic cloud. The electromagnetic waves are nearly reso
with an atomic transition having ground-state angular m
mentumF larger than the excited stateF85F21. The reso-
nant absorption is suppressed in this configuration due to
effect of coherent population trapping. The second ty
emerges from the interaction of short light pulses with t
cloud, as in the usual atom interferometers@6#. In this case,
the light is far detuned from the corresponding atomic tra
sition to suppress the spontaneous emission. The popula
of atomic levels is then changed via the stimulated Ram
process.

The amount of information in both atomic and electr
magnetic channels varies depending on the photon numb
detected probe wave, and the total number of atoms. At
glance it might seem that the photon number is the param
of choice since an increase of the photon number may lea
an increase of the measurement sensitivity. It turns out, h
ever, that the optimization of the measurements sensiti
with respect to light absorption results in an optimum pho
number that is approximately equal to the number of ato
and, therefore, is very small. The measurement sensiti
scales inversely with the square root of the detected pho
number, if the atomic cloud is initially prepared in an op
mum coherent state and the absorption is suppressed.

This result may be understood if one notes that the in
ferometric measurement of the gravity field by optic
means, as discussed in this paper, is based on the qua
nondemolition measurement of a projection of the mom
tum of the atom. This kind of measurements was recen
proposed for two-level@13# and three-levelL atoms @14#.
The maximum sensitivity of such a measurement can
achieved for single photon scattering, as was pointed ou
von Neumann for the Doppler measurement scheme o
mechanical momentum projection@15#.

Concentrating on the observation of other properties
light, we note that a phase measurement or observation o
induced atomic medium birefringence may be performed
rectly or via polarization rotation. Polarization rotation me
surement is an effective spectroscopic tool for measurin
change in the phase of light. Indeed, it allows a precise m
surement of magnetic fields and fundamental constants.
sensitivity of the measurement is generally determined
the width of the resonance that is induced in a coher
atomic medium. Very narrow resonances (;1 Hz) achieved
recently in atomic gas cells result in a sensitivity of 10212 G
©2003 The American Physical Society19-1
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in magnetic-field measurement@16#. This type of experi-
ments are based on the energy shift of atomic Zeeman
levels, which results in circular birefringence and leads t
polarization rotation of the probe light propagating throu
the medium.

Similarly, when a moving atom interacts with counte
propagating light having opposite circular polarization, t
Doppler effect induces an effective frequency shift. This sh
can change the detuning of light from the correspond
atomic transition in a manner similar to the Zeeman shift
the magnetometry application. Consequently, two coun
propagating circularly polarized waves, initially produced
a decomposition of a linearly polarized light and recombin
after the interaction with a moving atomic ensemble, w
produce a polarization rotation proportional to the atom
locity. An appropriate filtering procedure may be used
eliminate any initial velocity spread of the ensemble of
oms, and to retrieve information about the value of the
celeration of the atoms.

One may also directly detect a phase shift of the pro
light propagating through a moving atomic cloud driven by
coupling field, instead of the polarization rotation measu
ment. This scheme is similar to a coherent magnetom
proposed in Ref.@17#, and the sensitivity and properties o
such a device are similar to those based on the polariza
rotation.

To obtain a large change in the phase of light that pro
gates through a moving atomic medium, the atoms sho
possess a narrow spectral feature. Atoms of aL-type energy
level configuration are convenient for such a scheme bec
narrow features can be readily obtained from two pho
resonances. Generation of a slow group velocity of light a
nonlinear resonant polarization rotation, for example, re
from such an interaction.

Atomic fountains are widely used for precision measu
ments with pulsed light. When short coupling pulses are u
in the experiments, the phase of the light pulse is har
changed, in contrast to that of the quasi-cw light discus
above. We show that a detection of the photon number of
pulses used for the manipulation of the atomic state in
fountain may become a source of additional informat
about the number of atoms participating in the interaction
well as the interferometer’s signal itself. These optical me
ods of the atomic population measurements may relax s
technical limitations of existing measurement techniques

To achieve higher accuracy in fountain measurements
number of atoms participating in the interaction must be
actly determined. In conventional fountain experiments,
preparation uncertainty of the atomic clouds typically e
ceeds the quantum projection noise. Thus, most clocks
other fountain base atom interferometers approach shot-n
limited sensitivities via special normalization procedures.

To improve the sensitivity of measuring the atomic nu
ber, either fluorescence measurements or measurement o
sorption of the probe radiation is used. For instance, fluo
cence detection works quite well in a differentially pump
system used in the majority of fountain clocks. The sensi
ity of the fluorescence detection may be hindered, howe
because of the background noise due to the thermal ato
04381
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The detection of light absorption imposes a restriction
the quality of the light source, which must have low intens
and frequency noise. Moreover, light absorption and con
quent fluorescence result in heating of the atomic cloud.

An efficient method for low noise detection of cold atom
based on modulation transfer spectroscopy was propo
very recently@18#, where the balanced detection techniq
was used to suppress laser induced detection noise.
method is complimentary to the existing techniques. It h
the advantages of the balanced modulation transfer spec
copy and does not require introduction of substantial chan
to the already existing atomic fountain setups. The meas
ment sensitivity of our method is particularly attractive wh
the atomic density is high and the total number of atoms
the cloud is large.

In the gravity gradiometer applications there is a distin
advantage for probing the light field directly. We show th
with this scheme it is possible to read out the gravity gradi
directly with a single measurement. This approach simplifi
the experimental setup, but it may also further reduce
common-mode noise associated with the measuremen
separate atomic ensembles in the two accelerometers o
gravity gradiometer.

The paper is organized as follows. In Secs. II and III w
focus on the properties of polarization rotation accelerome
and gradiometer and show that the maximum sensitivity
the technique is nearly the same as that based on the l
pulse atom interferometer. In Sec. IV we describe the pul
mode of the optical measurement in the fountain-based
diometer.

II. MEASUREMENT SCHEME

Let us consider aL-type energy level scheme~see Fig. 1
inset! interacting with two resonant counterpropagating lig
waves with electric fieldsE1 and E2 . The corresponding
Rabi frequencies for the fields areV65`6E6 /\, where`6

are the dipole moments of the respective atomic transitio
which for the sake of simplicity we assume are equal (`6

FIG. 1. Measurement scheme. A three-level atom interacts w
two counterpropagating waves having the opposite circular po
izations. The atomic motion results in detuning of the fields fro
the corresponding atomic transitions in the atom’s frame of re
ence. This detuning results in a change of the index of refraction
the waves that may be measured in the interferometric scheme
9-2
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5`). The population radiative decay 2g r of the exited level
ua& is given by the expressiong r54v3`2/(3\c3). The de-
cay rate of the populations of ground state levels as wel
the decay rate of low frequency atomic coherenceg0 is de-
termined by the atomic interaction time with the laser bea

A possible configuration for the experimental setup
shown in Fig. 1. A linearly polarized wave is decompos
into two linearly~horizontally and vertically! polarized light
waves via an input polarizing beam splitter~PBS! that is
orientated at 45° with respect to the incoming light polariz
tion. The linearly polarized light waves are transformed in
circularly polarized waves vial/4 wave plates placed afte
the beam splitter. After the interaction with the atom clou
the waves propagate through the samel/4 plates and becom
linearly polarized waves emerging through the second por
the input beam splitter.

The information about the atomic velocity is stored in t
relative phase shift of the waves 2f, proportional to the
Doppler frequency shiftd. To measure it we first send th
beam through anotherl/4 plate rotated at 45° with respect
both polarizations, as in a polarization analyzer arrangem
The polarization rotation and the light intensity can be m
sured by the two photodetectorsd1 and d2 at the second
PBS output ports. The signals from these photodiodes
proportional to (1/2)(P11P262AP1P2sin 2f), where
P1 and P2 are the powers of the circularly polarized com
ponents of the field. Therefore, the sum of the photocurre
yields the total output power, and the difference of the p
tocurrents gives the polarization rotation angle@19#.

The polarization rotation angle is a linear function of t
atomic velocity,f(t)5a1bgt, wherea andb are some co-
efficients, the exact meaning of which will be explained
the following sections,g is the gravity acceleration, andt is
the time. The value ofa is unknown due to the initial uncer
tainty of the atomic momentum. By an appropriate usage
a filtering procedure, i.e., by measuring*G(t)f(t)dt, it is
possible to filter out the unknown parametera and, hence,
avoid the influence of uncertainty in the initial external d
grees of freedom of the atomic state on the measurem
sensitivity. This filtering procedure, discussed in detail
Sec. IV A, is similar to the measurement strategy descri
in Ref. @20#.

If we place two atomic ensembles in the two differe
arms of the laser beam path, as shown in Fig. 2, the po
ization rotations induced by the two moving media of t
same velocity directions have opposite sign. For example
the left atom ensemble has ad1 shift for E1 and 2d2 for
E2 , then the right atom ensemble has a2d1 shift for E1

andd2 for E2 . In such an arrangement, a single phase m
surement gives the velocity difference between the t
atomic ensembles, provided that they have the same ave
number of atoms. Since the two ensembles share the s
laser system, the measurement gives the noninertial gra
gradient.

Again, an appropriate filter function will recover the a
celeration difference of the two atomic ensembles. The
larization rotation in the scheme is equal tof5a12a2
1@b1g(x1)2b2g(x2)#t, wherex1 andx2 are the spatial po-
sitions of the atomic clouds. The momentum uncertai
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term a12a2 may be removed by filtering. If the averag
number of atoms in both clouds is the same, thenb15b2 and
the setup gives us information aboutg(x1)2g(x2), i.e., the
gradient of the gravity field. If the number of atoms in th
clouds differ by an unknown valueDN, the measuremen
has a maximum sensitivity to the gradient determined
Dg/g.DN/N, whereN is the average number of atoms
the cloud.

It should be emphasized here that if the number of ato
in each cloud is different, but known, the sensitivity limit
tion is removed. The scheme gives information about b
the acceleration of gravity and its gradient, which may
separated by a filtering procedure. The numbers of atom
both clouds may be obtained after the interaction via a se
rate measurement.

III. EQUATIONS OF MOTION

A. Interaction Hamiltonian

Let us consider an atom that moves in the gravity fie
and interacts with two counterpropagating light beams. T
kinetic and potential energies of the atom are

T5
mv2

2
, V5mgx, ~1!

wherev is the projection of the atomic velocity on the dire
tion of light propagation~we consider a single dimensiona
model!, m is the mass of the atom, andg is the gravity
acceleration. For simplicity we assume that the accelera
does not depend on the atomic coordinate.

The interaction energy of aL-configuration atom and two
counterpropagating light waves can be presented in slo
varying amplitude and phase approximations as

V15\v0

v
c

~ ŝb1b12ŝb2b2!, ~2!

V252\V1ŝb1a2\V2ŝb2a2adjoint, ~3!

where ŝ i j 5u i &^ j u is an atomic operator,c is the speed of
light in the vacuum,V6 are the Rabi frequencies of the tw

FIG. 2. Measurement scheme for measurement of the gra
field gradient. Two clouds of three-level atoms interact with tw
counterpropagating waves having the opposite circular polar
tions. The gravity field gradient changes atomic velocity and t
results in the change of the phase of the electromagnetic wave
9-3
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optical fields, andV65`6E6 /\, E6 is the electric field
amplitude. The interaction energyV1 results from the linear
Doppler effect that leads to the two-photon detuningd
5v0v/c of the electromagnetic fields from the correspon
ing atomic transitions~see Fig. 1!.

Finally, energy of the atom interacting with the fields m
be presented in the slowly varying amplitude and phase
proximation as

V35\Dŝaa , ~4!

whereD is the velocity independent single photon detuni
of the fields from the corresponding atomic transition. Aga
the carrier frequencies of the optical fields are assumed t
the same.

To describe the evolution of the system it is convenien
introduce the Lagrange function

L5T2V2V12V22V3 , ~5!

and find the generalized momentum of the atom

P5
]L
]v

5mv2
\v0

c
~ ŝb1b12ŝb2b2!. ~6!

The Hamiltonian of the system is

H5vP2L5
1

2m FP1
\v0

c
~ ŝb1b12ŝb2b2!G2

1V1V21V3 . ~7!

The same result may be obtained if we start from
Hamiltonian@13#

H̃5
P2

2m
1mgx1\Dŝaa2~\V1ŝb1aeik1x

1\V2ŝb2ae2 ik2x1adjoint!, ~8!

wherek1 and k2 are the wave vectors of the light beam
with k15k25k, P is a generalized momentum of the atom

To remove the dependence of the interaction energy
the atomic coordinate we introduce a unitary transformat

U5exp@ ikx~ ŝb1b12ŝb2b2!#. ~9!

Then the evolution of the transformed state vectoruC&
5U21uC̃& is described by the Hamiltonian~7! H

5U21H̃U. The kinematic atomic momentum may be intr
duced asmv5U21PU5P1\k(ŝb1b12ŝb2b2).

B. Hamiltonian equations

Using Eq.~7! we derive equation of motion for the atom

Ṗ52mg, ~10!

which has an obvious solution

P~ t !5P~0!2mgt. ~11!
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This allows us to reduce the Hamiltonian that describ
the behavior of atomic internal degrees of freedom

Ha5
\k

m
@P~0!2mgt#~ ŝb1b12ŝb2b2!1\S D2

\k2

2m D ŝaa

2\~V1ŝb1a1V2ŝb2a1adjoint!, ~12!

where we have used the normalization conditionŝb1b1

1ŝb2b21ŝaa51.
From the above Hamiltonian, the time-dependent eq

tions can be generated:

ṡ̂b6b65 i ~V6ŝb6a2V6
† ŝab6!, ~13!

ṡ̂ab65 i ~D̃7d!ŝab61 iV6~ ŝaa2ŝb6b6!2 iV7ŝb7b6 ,
~14!

ṡ̂b2b1522idŝb2b11 iV1ŝb2a2 iV2
† ŝab1 , ~15!

where

D̃5D2
\k2

2m
, d5

k

m
@P~0!2mgt#.

Therefore, the motion of atoms in the gravitational fie
results in a time-dependent two-photon detuning of the c
responding atomic transitions driven by the electromagn
fields. If the gravitational field is small enough or if the ca
rier frequencies of the electromagnetic fields are prope
adjusted, one may considerd as a slowly varying function of
time. The two-photon detuning results in a change of
index of refraction for the electromagnetic fields to be me
sured experimentally. To describe such a measurement p
erly, we have to introduce decay terms into the system
does not follow from the Hamiltonian.

C. Propagation problem

Let us consider the interaction of the electromagne
waves with a cloud of atoms. The stationary propagations
the right and left circular polarized electric field componen
through the moving atomic cloud are described by the M
well equations in the slowly varying amplitude and pha
approximation

d

dx
E6~x!56

2ipv0

c
`6Nsab6~x!, ~16!

where N is the atomic number density,̀6 are the dipole
moments of the respective transitions, andsab6 are the
c-number analogs of the atomic lowering operatorsŝab6

5ua&^b6u. Analytic expressions forsab6 can be obtained
from the stationary solution of thec-number Bloch equations
for the atomic populations@cf. ~13!#

ṡb2b252g0r~sb2b22sb1b1!1g rsaa

2 i ~V2* sab22c.c.!,
9-4
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ṡb1b15g0r~sb2b22sb1b1!1g rsa a2 i ~V1* sab12c.c.!,

and polarizations@cf. ~14,15!#

ṡab652Gab6sab62 iV6~sb6b62saa!2 iV7sb7b6 ,
~17!

ṡb2b152Gb2b1sb2b12 iV2* sab1
1 iV1sb2a ,

~18!

where the generalized decay terms are defined as

Gab6[g1
g0r

2
2 i ~D̃7d!, ~19!

Gb2b1[g01g0r12id. ~20!

g r is the radiative linewidth of the transitionua&→ub6&, g is
the homogeneous transverse linewidth of the optical tra
tion ua&→ub6&, g0 is the transverse coherence decay
tween the ground levels, andg0r is the incoherent population
exchange rate between the ground levels. We have d
garded Langevin noise forces in Eqs.~17! and ~18! associ-
ated with spontaneous emission and collisional decay
cesses, since it was shown in Ref.@17# that these atomic
noise types have a negligible effect on the sensitivity o
magnetometer that works by using the same principles.

We calculate the stationary solutions of the Bloch eq
tions by considering only the lowest order ing0 , g0r , andd.
We also assume, for the sake of simplicity, thatD̃50. We
find

sab6
5

iV6~g0uV7u21g0r uV6u2!

uVu2~2g@2g0r1g0!1uVu2#

6
2dV6uV7u2

uVu2@2g~2g0r1g0!1uVu2#
, ~21!

where uVu25uV2u21uV1u2. Usually the coherence deca
between the ground levels dominates the population
change. However, in our case this rate describes the in
preparation of atomic beam andg0'g0r .

We consider the spatial evolution of amplitudes a
phases of the complex Rabi frequencies separately,V6

5uV6ueif6. The intensities of the two fields are attenuat
in the same way

d

dx
uV6u257k

g0g r uV6u2

6g0g1uVu2
, ~22!

wherek5(3/4p)Nl2.
Assuming that uV(x)u2@6gg0 and uV1(0)u2

5uV2(L)u25uV0u2/2, uV0u25uV1u in
2 1uV2u in

2 , we solve
Eqs.~22!,
04381
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uV6~x!u25
uV0u2

2 F6k
g0g r

uV0u2
S L

2
2xD

1Ak2
g0

2g r
2

uV0u4
S L

2
2xD 2

2kL
g0g r

uV0u2
11G .

~23!

Therefore, steady-state transmission of the light hav
high enough power through the slowly moving medium c
be characterized by the parameter

h5
Wout

Win
512

3

4p
l2NL

g0g r

uV0u2
, ~24!

where Wout and Win are the powers of linearly polarize
light before and after the interaction,l is the wavelength of
light, N is the atomic density, andL is the interaction length.
The approximationuV(L)u2@6gg0 sets an upper limit for
the losses, such that 1>h@6gg0 /uV(0)u2.

Similarly we find the phase equations

d

dx
f65

kg r

2

d

6g0g1uVu2
. ~25!

The polarization rotation is determined by the relative ph
at the output of the systemf5@f1(L)2f2(0)#/2. Assum-
ing thatf1(0)5f2(L)50 we get, from Eqs.~25!, f1(L)
52f2(0) and

f5
k

2E0

L g rd

uVu2
dx52

d

2g0
lnF12kL

g0g r

uV0u2
G . ~26!

Using Eq.~24! we present the solution in the form

f52
v0

2g0

P~0!2mgt

mc
lnh, ~27!

wherev0 is the carrier frequency of light. Both parametersh
and f can be measured simultaneously. It is worth noti
that the rotation angle does not depend ong0 for very small
g0.

IV. MEASUREMENT SENSITIVITY

A. Measurement strategy

A direct measurement of the polarization rotationf gives
the information about the acceleration, as well as about
initial generalized momentumP(0). The initial momentum
is uncertain because the initial atomic velocity and the p
ton number in the fields are uncertain. It is possible to av
the influence of this uncertainty via a certain filtering proc
dure @20#.

The difference photocurrent is

I 2; i ~E1
† E22E2

† E1!. ~28!
9-5
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We present fieldE as a sum of an expectation value pa
and a quantum fluctuation part,E5^E&1e,

e5E
0

`A\n

Ac
ane2 intdn. ~29!

Here ^E& is the expectation value of the field,A is the ef-
fective cross-sectional area of the beam, andan is the anni-
hilation operator, whose commutation relations are

@an ,an8#50, @an ,an8
†

#5d~n2n8!, ~30!

wheren5v01v, with side-band frequenciesv. An effec-
tive side-band frequency range is determined by the spe
properties of the medium interacting with the radiation a
by the measuring device, and is usually much less than
carrier frequencyv!v0. Then

e.e2 iv0tA\v0

Ac E2`

`

a~v!e2 ivtdv. ~31!

We assume that~1! the quantum fluctuation part is muc
less than the mean amplitude of the fields and~2! the atomic
acceleration may be written asg5g01Dg, whereg0 is an
expectation value andDg is the unknown signal. The differ
ence current may be presented as a sum of the signal
noise partsI 25I S1I N11I N2, where

I S;2u^E1&uu^E2&u
v0

g0

Dgt

c
lnh, ~32!

I N1;2u^E1&uu^E2&u
v0

g0

P~0!

mc
lnh, ~33!

I N2; i u^E2&u~e1
† 2e1!1 i u^E1&u~e22e2

† !. ~34!

The photocurrent is a classical entity@20#. Therefore, we
may apply a filtering procedure to it even after it has be
recorded. The measurement sensitivity depends on this
cedure

Ĩ 25E
0

T

G~ t !I 2~ t !dt, ~35!

or on the appropriate choice of the filter functionG(t). Ĩ 2 is
not a function, but a number. The filtering procedure gen
ally may be understood as a number inferred from the
corded data, which contains the maximum information ab
the signal and, at the same time, the minimum informat
about the noise. For example, in the case of a known sig
shape and white noise, the shape of the optimum filter fu
tion coincides with the shape of the signal. A signal th
changes linearly in time may be detected with the best s
sitivity if one measures the slope of the data curve.

Let us find the numbers that correspond to the signal
noise determined by Eqs.~32!–~34!:

Ĩ S;2u^E1&uu^E2&u
v0

g0

Dg

c
lnhE

0

T

tG~ t !dt,
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Ĩ N1;2u^E1&uu^E2&u
v0

g0

P~0!

mc
lnhE

0

T

G~ t !dt,

Ĩ N2; i E
0

T

G~ t !@ u^E2&u~e1
† 2e1!1u^E1&u~e22e2

† !#dt.

Because the momentumP(0) may be large and not nec
essarily quantum limited, we restrict ourselves to the clas
filter functions such that

E
0

T

G~ t !dt50. ~36!

In this caseĨ 2 does not depend on the initial atomic mome
tum uncertainty,Ĩ N150.

The acceleration measurement sensitivity, i.e., the m
mum detectable signalĨ S(Dgmin) is determined by the noise
level (^ Ĩ N2

2 &)1/2. To find the optimum filtering procedure w

maximize the ratio of these values

S

N
5

Ĩ S

A^ Ĩ N2
2 &

. ~37!

To simplify Eq. ~37! we note that the averaged ligh
power is

^W6&5
Ac

2p
u^E6&u2, ~38!

so the average photon number emitted by the laser du
time T is

n65
^W6&T

\v0
. ~39!

For light in the coherent state we derive from Eq.~31! an
expression for two nonzero field moments:

^e6~ t !e6
† ~ t8!&5

2p\v0

Ac
d~ t2t8!. ~40!

It is convenient to presentuV(0)u and h in terms of the
total photon numbernin5n11n2 :

uV~0!u25
3l2g r

8pAT
nin , ~41!

h5122
N
nin

g0T, ~42!

whereN5ALN is the total number of atoms interacting wit
light, L is the length of the interaction region, andA is the
cross-sectional area of the light beam~we assume that the
area coincides with the size of the atomic cloud!. The mini-
mal value of the decay rate of the atomic coherence may
estimated as
9-6
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2g0'
1

T
. ~43!

We now can find

Ĩ S5S 2p\v0

Ac Dnout

v0

c
DgT2ln hF 2

T2E0

T

tG~ t !dtG ~44!

and

^ Ĩ N2
2 &5S 2p\v0

Ac D 2

noutF 1

TE0

T

G2~ t !dtG . ~45!

The ratio~37! transforms to

S

N
5

v0

c
DgT2ANF h

12h
u ln hu2G1/2

2

T2E0

T

tG~ t !dt

S 1

TE0

T

G2~ t !dtD 1/2.

Let us choose the filter function asG(t)5t/T21/2. Then
condition ~36! is fulfilled and Eq.~46! is given by

S

N
5

v0

c
DgT2AN

3 F h

12h
u ln hu2G1/2

.

The term in brackets has a maximum about unity forh
'0.2, which means that there is a condition for optimu
photon numbernin.N. Hence, the maximum of Eq.~46! is

S S

ND
max

'
2pDgT2

A3l
AN, ~46!

which can be further improved by a better choice of the fil
function. The minimum detectable signalDgmin can be
found from Eq.~46! by writing (S/N)max(Dgmin)51.

It is worth noting thatDgmin is A3 times worse than tha
of a conventional atom interferometer operating at the sh
noise limit @6,7#. If the initial momentum spreadP0 is small,
the optimum filter function isG(t)5t/T and thenDgmin is
2/A3 times better than that of a conventional atom interf
ometer. This is one of the main results of our paper.
should stress here that this result was obtained without
direct consideration of the quantum projection noise.

The maximum sensitivity~46! depends on the coherenc
decay rateg0, which is chosen to obey to condition~43!.
Depending on the particular atomic level structure and
experimental setup expression~43! might have a different
numeric coefficient, which will result in change of the n
meric coefficient in Eq.~46!.

B. The role of the coherence decay rate

In the above consideration we have introduced a coh
ence decay rateg0, which is determined by the interactio
time of the laser and the atoms. This phenomenological
shows that atoms initially are prepared not to be in the d
state. One half of atoms should be pumped into the dark s
04381
r

t-

-
e
e

e

r-

te
k
te

by the interaction with light. This optical pumping results
the absorption that is taken into account by 2g0'1/T.

If the atoms are initially prepared in the dark state,
absorption occurs. The signal and noise currents are
modified:

I S;2u^E1&uu^E2&uv0T
N
nin

gt

c
, ~47!

I N1;2u^E1&uu^E2&uv0T
N
nin

P~0!

mc
, ~48!

I N2; i u^E2&u~e1
† 2e1!1 i u^E1&u~e22e2

† !. ~49!

The corresponding ratio~37! is

S

N
5

v0

c
DgT2ANAN

nin

2

T2E0

T

tG~ t !dt

S 1

TE0

T

G2~ t !dtD 1/2.

Using the same filter functionG(t)5t/T21/2, the above
equation transforms into

S

N
5

2pgT2

A3l
ANAN

nin
. ~50!

There are not any restrictions onnin now because there i
no absorption. The sensitivity increases as the atomic n
ber ~not as a square root of the atomic number! because all
the atoms are in the same state.

According to Eq.~50!, it may appear that the maximum
sensitivity is achieved for a single photon scattered from
atomic cloud. However, our analysis is based on the assu
tion thatnin@1 and on the steady-state solution of the pro
lem.

C. Measurements of atomic velocity

The measurement described here is a quantum nonde
lition measurement with respect to the generalized ato
momentumP, Eq. ~6!. The measurement scheme also giv
precise information about the initial velocity of atoms wit
out changing it. In fact, the atomic velocity is not changed
the interaction if the final level population is the same as
initial level population@14#.

Let us consider performing a measurement on the velo
v(0) of an atomic cloud. If the atoms are initially prepared
ub1& state the generalized momentum is determined by
initial atomic velocity and by the constant value of phot
recoil momentumP5mv(0)2\k @ŝb1b1(0)51#. Accord-
ing to our calculation this initial value of the momentu
stays unchanged in time if there is no spontaneous emiss

The measurement sensitivity ofv(0) is hindered by the
shot-noise fluctuations as well as by the back action of
electromagnetic waves due to the atomic nonlinearity. T
atomic nonlinearity depends on the two-photon detuningd,
which is proportional to the average generalized atomic m
9-7



s
m
n

n-

n
e

u
u

o

iu

n-
op

n

m

e
c

the
the

on-

ga-
ise
as a
m
the

ion
d,
-
ic

the

e
er-
s not
otal
e is

T
e

t of
di-

res
n

en-
ck
n

iate
cay
ua-
ny
heir
lly

p-

-

MATSKO, YU, AND MALEKI PHYSICAL REVIEW A 67, 043819 ~2003!
mentum ^P&. This back action may be compensated by
constant two-photon detuningd0 such that d052d5
2\k^P(0)&/m. In a real experimentd0 can be introduced a
a frequency difference between the pump and probe bea

The signal and noise for atomic velocity measureme
are

I S;2u^E1&uu^E2&u
v0

g0

v~0!

c
lnh, ~51!

I N; i u^E2&u~e1
† 2e1!1 i u^E1&u~e22e2

† !, ~52!

where we assume thatu^E1&u.u^E2&u.
Keeping in mind that the optimum filter function is a co

stant now, ratio~37! has a form

S

N
5

4pv~0!T

l
ANF h

12h
u lnhu2G1/2

,

which has maximum

S

N
'

4pv~0!T

l
AN. ~53!

D. Role of finite time duration of the light pulses

The measurement scheme discussed above is based o
atomic coherence and requires an optically thick atomic m
dium for better sensitivity. Under such conditions the infl
ence of the dipole gradient forces resulting from a finite d
ration of the probe light pulses might become important@21#.
It is known that the ponderomotive force acting on a tw
level atom is enhanced significantly in coherent media@22#.
We show, however, that for the case of a three-level med
such forces are small.

To find the gradient force we use the Hamiltonian

H5
P2

2m
1

\k

m
P~ ŝb1b12ŝb2b2!1\S D2

\k2

2m D ŝaa

2\@V1~ t2x/vg!ŝb1a1V2~ t1x/vg!ŝb2a1adjoint#,

~54!

wherevg is the group velocity, the values of Rabi freque
cies of the counterpropagating fields have finite envel
and, therefore, depend on coordinatex. We assume that in
our systemvg@P/m, which is not always the case for a
electromagnetically induced-transparency~EIT! medium
@22#.

The equation of motion for the atoms may be found fro
Eq. ~54!,

Ṗ5\
]

]x
@V1~ t2x/vg!ŝb1a1V2~ t1x/vg!ŝb2a1adjoint#.

~55!

It is easy to see from Eqs.~21! and ~55! that if the system
adiabatically follows the dark state determined by the coh
ence population trapping, the gradient term of the force a
ing on the atoms is small. Estimations show that this term
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proportional tod2. Generally, if the interaction in the system
occurs without populating the excited state of the atom,
gradient ponderomotive force vanishes. This is true for
single-photon resonant interaction ofL atoms and light, con-
sidered above, as well as for the off-resonant interaction c
sidered in the following section.

E. Discussion of the polarization measurement scheme

An increase of the atomic beam size during the interro
tion time does not significantly influence the signal-to-no
ratio. Let us consider the case when the laser beam h
cross-sectional areaA5const that exceed the atomic bea
area at any moment of time. The cross-sectional area of
atomic cloud increases asAb5(A 0

1/21vTt)2, where vT is
the average thermal velocity of atoms. The interact
length, which is given by the length of the atomic clou
increases as well:L5L01vTt. The laser beam may be con
sidered as two fields, one of which interacts with the atom
cloud and another does not. The effective phase shift of
combined fields may be estimated asf5f̃(Ab /A);N/A,
wheref̃ is the phase shift for the light that interacts with th
atoms. Therefore, once the atomic cloud is entirely ov
lapped by the laser beam the atomic spread in space doe
change the signal, and the signal is determined by the t
number of atoms and the area of the laser beam. The sam
valid for the absorption of light if the system is in the EI
regime ~the absorption is small!. Therefore, the shot nois
remains unchanged.

Let us now discuss the restrictions of the scheme. Firs
all, the absorption of the system should be small. The con
tion for sustaining coherent population trapping requi
huV0u2@g rg0. For the optimum field power this expressio
may be rewritten as

0.2
3

8p
l2LN@1. ~56!

This condition simply poses a restriction on the atomic d
sity. It shows that the medium should be optically thi
(3l2LN/8p shows the number of Beer’s absorptio
lengths!.

The absorption problem may be solved by an appropr
preparation of the initial atomic state. The coherence de
rate, introduced phenomenologically, serves only the sit
tion when atoms enter the interaction region without a
coherence and the population is distributed between t
ground states with equal probabilities. If atoms are initia
optically pumped, say, intoub1& state, and the fieldE2 is
switched beforeE1 , the spontaneous emission may be su
pressed significantly ifuVu2Ts /g r@1, where uVu is the
maximum Rabi frequency~we assume thatg r.uVu) andTs
is the switching-on-and-off-time (T.2Ts).

It is interesting to mention here that condition~56! also
serves as the condition that measurement timeT should be
long enough to prepare the atoms in the ‘‘dark state’’~if not
initially established!. In fact, the preparation time for a co
herent population trapping, which is;g/uVu2 ~we assumed
uVu!g), should be much less thanT'1/g0. Hence, the
9-8
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steady state may be formed for time scales such
uV(0)u2T@g r , or nin@4pA/3l2>1.

Another condition is that the detuning from the tw
photon resonance should be kept within the width of
resonancehuV0u2@udug r . This condition is stronger than
the previous one becaused might be much bigger thang0.
For example, in the case of atomic fountain,udu/g0
.8pL/l@1. This condition can be substantially relaxed
one tracks the major Doppler frequency shift by constan
sweeping the frequencies of the two circularly polariz
waves depending on the average atomic cloud velocities

Finally, there is a condition that restricts the measurem
time from below:TuV0u2@g rA3l2LN/8p @23#. This condi-
tion follows from the solution of the propagation problem
optically thick medium and can be easily implemented
perimentally.

It is clear that the scheme is most useful when atoms
first prepared in the dark state. Otherwise, its usefulnes
limited in practice for the state-of-the-art experiments. F
example, one could not operate the laser intensity at its
timal level while the two-photon Rabi frequency is larg
enough to cover the residual thermal velocity spread of
atoms. On the one hand, these difficulties may be avoide
using very cold atoms~e.g., Bose-Einstain condensate!. On
the other hand, both conditions above can be satisfied if
lasers are pulsed. For example, one may utilize the s
p/22p2p/2 pulse sequence in the atom interferome
scheme@6#. The measurement of a change in photon num
of the pulses due to the interaction gives information ab
the total number of atoms in the atomic cloud, as well
about the acceleration. The properties of the scheme are
cussed below.

V. NONDESTRUCTIVE OPTICAL DETECTION OF
ULTRACOLD ATOMS FOR ATOMIC INTERFEROMETRY

We propose to utilize the Raman optical pulses used
light-pulse atomic interferometry for retrieving informatio
about the number of atoms participating in the interaction
well as about interferometer’s signal itself. The measurem
technique has several advantages.

~1! The balanced measurement is possible, which m
reduce the common-mode noise.

~2! The change in the photon number of the pulses res
from the interaction with cold atoms only. Background ato
at room temperature do not interact with the fields beca
they are far-off resonance. This allows operating the at
interferometer with a relatively high vapor pressure witho
the large interfering background.

~3! As in the previous cw scheme, the differential acc
eration may be obtained with a single light signal measu
ment.

For the case of moderately cold atomic clouds the resid
Doppler broadening of the ground-state transition is abou
kHz, which requires high laser intensity~large photon num-
ber in the case of continuous wave lasers! to achieve a sig-
nificant interaction with the majority of atoms. For th
pulsed lasers we may maintain a high laser intensity
small photon numbers, at the same time.
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Atomic fountain devices usually utilize long-live
ground-state hyperfine transitions to obtain narrow interf
ence fringes. It is convenient to describe these experim
by using atoms in aL-type energy level configuration. W
consider aL-type atom interacting with two counterpropa
gating coherent electromagnetic waves~Fig. 3!. The waves
are far detuned from the corresponding one-photon ato
transitions and are nearly resonant with a two-photon ato
transition. While the excited stateua& has a short lifetime, the
ground statesub& and uc& have a long lifetime. Under thes
circumstances the spontaneous emission from the exc
state may be greatly reduced and the three-level config
tion may be transformed by a unitary elimination of the e
cited state to a two-level system coupled by an effect
two-photon Raman field.

Because in such a Raman-type configuration the proba
ity of spontaneous emission is rather small, any populat
transfer from stateuc& to stateub& and vice versa is accom
panied by an absorption or an emission of a photon in
electromagnetic field, and emission or absorption, resp
tively, of a photon in the other electromagnetic field. Usi
this connection between the photon number and the ato
state population we may retrieve the information about
atomic number, using the light.

The main problem here is that the sensitivity of such
measurementdecreaseswith increasing photon number
while the sensitivity of atomic fountain experimentsin-
creaseswith the photon number, much like the above d
scribed polarization rotation measurements. We show, h
ever, that quite a good sensitivity of the measurement ma
achieved under some optimum conditions.

A full discussion of the light-pulse atom interferomet
has been given in Ref.@6# for atoms with theL-type energy
level configuration~Fig. 3!. Briefly, a p/2-p-p/2 pulse se-
quence is applied to coherently divide, deflect, and reco
bine an atomic wave packet. All the atoms are initially pr
pared in stateub&. The counter propagating electromagne
wavesE1 and E2 create ap/2 Raman pulse that prepare
atoms in a coherent superposition of the ground states
splits them into two wave packets in space. Subseque
delayed by timeT, p pulse exchanges populations of grou
statesub& and uc&. The atomic clouds meet again in spa
after timeT due to thep pulse. Finally, a time-delayedp/2
pulse causes the interference between atomic wave pac
This interference may be detected via a measurement o

FIG. 3. Lambda scheme. A three-level atom interacts with t
counterpropagating wavesE1 andE2. The atomic motion results in
detuningd of the fields from the corresponding atomic transitio
in the atom’s frame of reference.
9-9
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number of atoms in stateuc&, for example. In what follows
we show that one can retrieve the interferometry informat
by directly measuring these light pulses.

To describe an interaction of a three-levelL atom we use
the Hamiltonian in slow amplitude and phase approximati

H/\5Dŝa1d~ŝb2ŝc!2@ ua&^cuV11ua&^buV21adjoint#,
~57!

V15`1E1 /\ andV25`2E2 /\ are the Rabi frequencies fo
the electromagnetic fields,E1 andE2 are envelope functions
of the electromagnetic fields interacting with the atom,ŝa

5ua&^au, ŝc5uc&^cu, `1 and`2 are the dipole moments o
transitions ua&→uc& and ua&→ub&, D5(vab1vac2v1
2v2)/2 is the single-photon detuning,d5(vab2vac2v1
1v2)/2 is the two-photon detuning.

We proceed by removing stateua& via canonical transfor-
mation H̃5exp(S)H exp(2S). Under the conditionD@d,

S5ua&^cu
V1

D
1ua&^bu

V2

D
2adjoint. ~58!

Then the Hamiltonian transforms to

H̃/\5S d2
uV1u22uV2u2

D D ~ ŝb2ŝc!1ub&^cu
V2

†V1

D

1uc&^bu
V1

†V2

D
. ~59!

Keeping in mind that the Rabi frequencies of the fields m
be presented asV5jâ (V†5j* â†), wherej is a dimen-
sional parameter andâ (â†) is annihilation~creation! opera-
tor, we derive by using Eq.~59!

ṅ̂15 ṡ̂c52 ṡ̂b52 ṅ̂2 , ~60!

wheren̂1,25â1,2
† â1,2 is the photon number in the light pulse

Relation ~60! means that a change in atomic population
always accompanied by the same change in the photon n
ber of the electromagnetic waves interacting with the ato

In the case of atomic accelerometer, fieldsE1 andE2 are
counterpropagating. The two-photon detuning is determi
by the Doppler effect due to the motion of the atoms,

d~ t !5
\v0

mc
P~ t !, ~61!

where P5mv2\v0(ŝb2ŝc)/c is again the generalize
atomic momentum that obeys to the Newtonian equation

Ṗ5Fg , ~62!

v is the velocity of the atom,Fg is a gravitational force.
Let us now consider the transformation when the

quence ofp/2-p-p/2 pulses is applied to the atom. W
present the atomic wave function asuc(t)&5B(t)ub&
1C(t)uc& (uBu21uCu251) and assume thatB(0)51 and
04381
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that the durations of the pulses (t/2-t-t/2) are much less
than the time intervals between the pulses (T).

The evolution of the wave function is described by t
Schrödinger equation

]

]t
uc~ t !&52

i

\
H̃uc~ t !&, ~63!

which results in set

Ḃ52 i S d2
uV1u22uV2u2

D DB2 i
V2

†V1

D
C, ~64!

Ċ5 i S d2
uV1u22uV2u2

D DC2 i
V1

†V2

D
B. ~65!

For the sake of simplicity we assume that the optical Ram
pulses are very short and classical, such that for the p
acting from time t50 to t5t we are able to exchang
d(t)'d(t/2). Then, during the interaction with the light, th
evolution of the system is described by

B~ t !5B~0!S cos~Ṽt !2 i
d̃

Ṽ
sin~Ṽt !D

2 iC~0!
V2* V1

ṼD
sin~Ṽt !, ~66!

C~ t !5C~0!S cos~Ṽt !1 i
d̃

Ṽ
sin~Ṽt !D

2 iB~0!
V1* V2

ṼD
sin~Ṽt !, ~67!

where

d̃5d2
uV1u22uV2u2

D
, Ṽ25 d̃21

uV1u2uV2u2

D2
.

Free evolution of the system is described by expressions

B~ t !5B~0!expF2 i E
0

t

d~ t !dtG , ~68!

C~ t !5C~0!expF i E
0

t

d~ t !dtG . ~69!

It is easy to see now that the firstp/2 pulse prepares
atoms in the state determined by coefficients@6#

B15
1

A2
, C152

i

A2
. ~70!

The subsequentp pulse exchanges the state populations
cording to relations
9-10
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B252
1

A2
eif1, C252

i

A2
e2 if1. ~71!

Finally, the secondp/2 pulse results in the interference of th
atomic states

B352cos~f22f1!, C35sin~f22f1!. ~72!

Heref i!1 stands for the signal shift of atomic wave fun
tion

f15E
0

T

d~ t ! dt, f25E
T

2T

d~ t ! dt. ~73!

In the case of a constant accelerating force acting on at
Fg5mg, the signal phase shiftf22f15DgT2v0 /c de-
pends neither on the average ac-Stark shift nor on the in
uncertainty of the generalized atomic momentumP(0). The
independence on the ac-Stark shift may be easily unders
if we recall that the sequence ofp/2-p-p/2 pulses is equiva-
lent to a single 2p pulse. It is easy to see that for such
pulse only terms with quadratic ac-Stark shift are presen
the final population.

Let us consider an atomic cloud consisting ofN atoms.
Then, if initially the atoms are in stateub&, field E2 of the
first p/2 Raman pulse losesN/2 photons after the interac
tion, according to Eq.~60!. Field E1, in turn, gainsN/2
photons. Therefore, a measurement of the difference of
photon number in theE1 andE2 fields gives us the informa
tion about the atomic number. The sensitivity of the measu
ment is determined by the photon shot noise and the pro
tion uncertainty of the final atomic state (ub&2 i uc&)/21/2 and
may be described by the ratio

S

N
5

N
An12N , ~74!

wheren is the total number of photons in bothE1 and E2
pulses. In the denominator of the ratio, Eq.~74!, the first
term corresponds to the photon shot noise, while the sec
term corresponds to the atomic projection noise.

The same type of measurement can be applied for retr
ing the information about acceleration signal. Detecting
photon number in the secondp/2 pulse, it can be shown tha
the sensitivity for the acceleration measurement is de
mined by the ratio

S

N
5

v0

c
DgT2

2N
An12N . ~75!

Indeed, one of the circularly polarized light pulses gains a
the other loosesN/22N sin(f22f1) photons. The atomic
cloud in the initial state, (ub&2 i uc&)/21/2, has an uncertainty
in the population difference (ub&^bu2uc&^cu) equal toN 1/2.
This uncertainty is transferred to the uncertainty in the nu
ber of photons. The photon shot noise is equal to (n/2)1/2 for
each polarization. Combining those terms we derive
~75!.
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The number of photons should exceedN in the above
derivation. Therefore, the sensitivity of this scheme
;An/N times less than that of the quantum projection no
limited scheme. Nevertheless, the measurement sch
might be interesting because the achievable sensitivity
such a measurement is not a strong function of the numbe
photons used. Let us estimate the minimum photon num
from the condition

V1V2

D
t'

3n

16p

g r

D

l2

A 5p, ~76!

whereA is the cross-sectional area of the laser beam. T
would require the total photon number on the order ofn
'1010 for typical state-of-the-art experimental condition
The total number of atoms is generally much less,N'107.
Therefore, this technique is more useful with larger atom
densities and colder atomic temperatures, as can be achi
with the Bose-Einstein condensates.

The sensitive detection of photon number of a short pu
is not an easy task itself. However, a specially robust te
nique proposed and realized for the measurements of obs
able parameters of optical solitons@24# seems to be feasible
for achieving shot-noise limited measurements of the pho
number, phase, frequency, and position of a light pulse.

Finally, we should mention here that the intermediatep
pulse may be used for checking the ‘‘quality’’ of the atom
state preparation by the firstp/2 pulse. The absorption o
both E1 and E2 fields should be absent inp pulse if the
preparation is perfect and the atomic levels are equally po
lated.

VI. CONCLUSION

In conclusion, we propose a method for measuring
acceleration of gravity and its gradient, using atomic sp
troscopy. The collective motion of an atom cloud cause
polarization rotation that can be measured to retrieve in
mation about this motion. An optimum filtering results in
measurement sensitivity comparable to that of the exis
method of light-pulse atom interferometry. We have a
shown that the measurement of absorption of light pul
used in light-pulse atom interferometry also provides inf
mation about the atomic acceleration as well as the num
of the atoms participating in the interaction. While the op
mal sensitivity in this scheme requires a high atomic dens
it offers an interesting approach that may be advantageou
other applications.
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